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Abstract
Recent observations confirm that our universe is flat and consists
of a dark energy component with negative pressure. This dark energy
is responsible for the recent cosmic acceleration as well as determines
the feature of future evolution of the universe. In this paper, we dis-
cuss the dark energy of the universe in the framework of scalar-tensor
cosmology. In the very early universe, the gravitational scalar field φ
plays the roll of the inflaton field and drives the universe to expand
exponentially. In this period the field φ acts as a cosmological con-
stant and dominates the energy budget, the equation of state ( EoS
1
) is w = −1. The universe exits from inflation gracefully and with
no reheating. Afterwards, the field φ appears as a cold dark matter
and continues to dominate the energy budget, the universe expands
according to 23 power law, the EoS is w = 0. Eventually, by the epoch
of z ∼ O(1), the field φ contributes a significant component of dark en-
ergy with negative pressure and accellerates the late universe. In the
future the universe will expand acceleratedly according to a(t) ∼ t1.31.
PACS number(s): 98.80.Cq, 04.50.+h
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Recent observations of large scale structure, the Hubble diagram of type
Ia supernovae and the angular power spectrum of the cosmic microwave back-
ground etc , all indicate that the universe is flat and is undergoing cosmic
acceleration by virtue of a dark energy component with negative pressure
[1]-[11]. The simplest model of the dark energy may be Einstein’s cosmo-
logical constant [13]-[34]. The another paradgim is the quintessence [12]-[17]
in the form of a scalar field slowly evolving down a potential with negative
pressure, scenarios of which are built with dilaton [18]-[21], axion [22]-[24] ,
tachyon [25]-[27] or other exotic fields such as phantom [28]-[30], chaplygin
gas [31]-[33] and so forth [34]-[35]. It is of fundamental importance to inves-
tigate the nature of this energy component, because it is not only responsible
for the present accelerated expansion but also will determine the fate of the
universe. For example, if it is a cosmological constant Λ, the universe will
expand exponentially in the future. On the other hand, if the dark energy is
the energy of a slowly changing scalar field ϕ with wϕ ≃ −1 and the potential
V (ϕ) driving the present stage of acceleration decreases slowly and vanishes
eventually, the speed of expansion decreases after a transient de Sitter-like
stage and reaches Minkowski regime [12], the universe becomes increasingly
cold and empty. Or the potential falls to V (ϕ) = −∞, the universe even-
tually collapse, even if it is flat [36]. As for the case of phantom energy, in
which w < −1, the sum of the pressure and energy density is negative. The
positive phontom-energy density becomes infinite in finite time, overcoming
all other forms of matter, such that the gravitational repulsion rapidly brings
our brief epoch of cosmic structure to a close. The phontom energy rips apart
the Milky Way, solar system, Earth, and ultimately the molecules , atoms,
nucleons of which we are composed, before the death of the universe in a ”
Big-Rip ” [30]. In this letter we investigate the dark energy in the framework
of scalar-tensor cosmology [37] with an added potential term. We will show
that the dark energy is from the gravitational scalar field. In the future the
universe will expand acceleratedly according to a(t) ∼ t1.31 with a constant
expansion index. However, the matter density parameter Ωm remains 0.024,
the total mass of a given comoving volume increases as ∼ t2. The world is
not cold and empty, new cosmic structures are being formed steadily.
Scalar-tensor theories of gravity are the most natural alternatives to Ein-
stein’s general relativity. The gravitational fields are enlarged by introducing
a gravitational scalar field. In what concerns inflationary cosmology, scalar
field has fundamental significance: the inflaton must be scalar field, the dark
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energy has to be owed from scalar field. In our model, the gravitational scalar
field φ plays the role of inflaton and contributes dark matter and dark energy
in succeeding cosmic evolution stages. Furthermore, scalar-tensor cosmology
has some resemble features with string cosmology, e.g. the field φ may be
identified with the dilaton field when it is scaled.
The scalar-tensor cosmology Five years ago, we have proposed a model of
scalar-tensor cosmology [37]. In this model, the motion of field φ is described
by a double-well potential V (φ) = β(1 − φ2)2 equipped by the coupling
function ω(φ) and the cosmological function λ(φ)1. The universe is created
when φ emerges from its tunnelling at the point φ = 0, then begins to inflate
exponentially when φ rolls from the top-hill φ = 0 towards the potential
bottom φ = 1. The field φ plays the role of inflaton field and acts as a
cosmological constant with EoS w = −1. Now, to take account of the dark
energy component, we assume a modified action of [37] by adding a U(φ)
term, it is as follows
A =
∫
d4x
√−g
[
−φR− ω
φ
φ · φ− 2φλ(φ)− 2φU(φ)− Γ(u · φ)
2
1− φ + 16piLm
]
,
(1)
in which Lm is the Lagrangian of matter, φ · φ ≡ φ,σφ,σ, u · φ ≡ uµφ,µ, uµ
is the four-velocity, φ,µ ≡ ∂φ/∂xµ, and Γ is a constant of mass dimension
0. The Γ−term describes the coupling of the field φ with matter which is
described as an ideal fluid. The coupling function ω(φ) and the cosmological
function λ(φ) are proposed to be
2ω(φ) + 3 =
ξ
1− φ , (2)
λ(φ) = 2ξβ(1− φ− φ ln φ), (3)
where ξ and β are two dimensionless constants, here we set ξ = 7.5, β =
1.7× 10−16 and Γ = 0.066. The potential U(φ) is proposed to be
U(φ) = β2
√
1− φ e−αφ (4)
1Neglect the U(φ) term, the derivative of the potential of the motion of φ is given by
V ′(φ) = (2φ2λ′ − 2φλ)/(2ω + 3) = −4βφ(1− φ2), integrating gives V (φ) = β(1 − φ2)2.
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in which α is a constant of order O(102), it is set to be 81.82 in the model
in order to let the dark energy coincide with the maybe cosmological constant.
Then the Friedmann equations read
H2 =
8pi
3φ
(ρm + ρφ)− k
a2
, (5)
a¨
a
= −4pi
3φ
(ρm + ρφ + 3pm + 3pφ) , (6)
and equations of motion of φ and ρm are
φ¨+ 3Hφ˙ +
φ˙2
2(1− φ) +
8pi(3pm − ρm)
2ω + 3
− Γ
2ω + 3
φφ˙2
(1− φ)2 −
2Γ
2ω + 3
φφ¨
1− φ
= 4βφ(1− φ2) + 2
ξ
φ
√
1− φ β2 e−αφ
(
1− 1
2
φ+ α(1− φ)
)
, (7)
ρ˙m + 3H(ρm + pm) =
Γ
4pi
(
φ˙φ¨
1− φ +
1
2
φ˙3
(1− φ)2 + 3H
φ˙2
1− φ
)
, (8)
where ρm , pm and ρφ , pφ are energy density and pressure of the matter and
field φ respectively. The expressions are
ρφ =
1
8pi
(
φλ+ φU +
ωφ˙2
2φ
− 3Hφ˙− 3
2
Γφ˙2
1− φ
)
, (9)
pφ =
1
8pi
(
−φλ− φU + ωφ˙
2
2φ
+ 2Hφ˙+ φ¨− 1
2
Γφ˙2
1− φ
)
. (10)
These basic equations determine the dynamic evolution of our universe.
Exponential inflation When the field φ rolls down the potential hill from
φ ≃ 0, the universe expands exponentially as described in [37] since U(φ)
can be neglected when φ < 1, as it is of order O(β) ∼ O(10−16) compared
to λ(φ). The Hubble parameter H is determined by the value of λ(φ) ≃ 2ξβ
when φ ≪ 1. In the duration of inflation, the energy density of the scalar
field ρφ dominates and pφ = −ρφ. It is evident that λ(φ) acts as a cosmolog-
ical constant. The solutions are the same as in [37]:
a(t) = a0 e
H(t−t0), (11)
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H =
√
2ξeβ/3 , ξe = ξ − 1.6 , (12)
φ(t) = φ0e
D(t−t0), (13)
and
ρm =
ΓD2(3H +D)
4pi(4H + 2D)
φ2(t), (14)
where
D = (
√
1 + 8/(3ξe)− 1)
√
3ξeβ/2 . (15)
We see that the universe expands exponentially in this inflation period,
the EoS is w = −1. As φ increases near to 1, the φ˙2 term in equation (9)
and (10) increases also, therefore wφ ≡ pφ/ρφ increases quickly. The infla-
tion ends dynamically when ρ + 3p ≃ ρφ + 3pφ increases from −2ρφ to zero
(0.9 < φ < 1). It is comfortable that the inflation has graceful exit. Further-
more, at this epoch, the density of matter ρm ∼ 10−19 2 and the temperature
is 1014 GeV, so this cosmology does not require reheating and does not suffer
the monopole problem, it is hot enough to match the temperature of Cosmic
Microwave Background (2.73K) but lower than the GUT scale 1016 GeV.
After inflation, the universe enters the era of power-law expansion.
Power-law expansion After inflation, the energy density ρφ remains to be
dominating and the scalar φ behaves as massive particle with effective mass
∼ 2√β when φ goes near to the bottom of potential well (φ = 1). That is
to say, the energy density of the scalar field ρφ behaves as cold dark matter,
then the universe experiences power-law expansion.
Let
φ = 1− σ2,
it follows that
(1− 2γ)σ¨ + 3Hσ˙ + 4βσ = −sign(σ)β
2e−α
2ξ
, (16)
in which
γ ≡ Γ
ξ
.
From equation (16), we see that the σ(t) will oscillate when the damping
2
3
H decreases to be less than the critical damping, i.e., H < 4
3
β. This phase
2This is calculated from equation(14) with φ ∼ 1.
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transition is also connected with the energy condition ρ+ 3p = 0. Then we
write
σ(t) = f(t) cos ω1t, (17)
we obtain
ω21 =
4β + 2β2e−α/piξf
1− 2γ , (18)
and equations:
f˙ = − 3H
2(1 − 2γ)f, (19)
H2 =
4ξβ
3
f 2 +
β2e−α
pi
f +
8pi
3
ρm, (20)
and
ρ˙m + 3H(ρm + pm) =
Γ
pi
(
3β2e−α
2piξ
Hf + 3βHf 2
)
. (21)
The energy density of φ is:
ρφ =
ξβ
2pi
f 2 +
3β2e−α
8pi2
f, (22)
and the pressure of φ is
pφ = −β
2e−α
8pi2
f. (23)
These equations are the smoothed Friedmann equations and equations of
motion of φ and ρm in case of oscillating φ, that is, quantities of which are
mean values in time (over a period). It is in need to notice that the EoS
can’t be written as < p > / < ρ >. It should be w =< p/ρ > in the case of
oscillating quantities.
We notice that in equation(22), the multiplier constants ξβ
2pi
= O(10−16)
and β
2e−α
4pi2
= O(10−69). Therefore, when f > 10−53, pφ ≃ 0, the dark matter
dominates, equation(19) has solutions as [37]
f =
1√
3ξβt
, (24)
H =
2(1− 2γ)
3t
, a(t) ∼ t 23 (1−2γ), (25)
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and
ρm =
(1− 2γ)γ
pit2
. (26)
Clearly the cosmic scale a(t) expands according to 2
3
-power law nearly. The
EoS is w = 0. In this period the total mass in a given co-moving volume
∼ ρm(t)a(t)3 is nearly constant.
Deceleration-acceleration transition When f(t) decreases to be less
than 10−53, corresponding to t > 1059M−1P , the dark energy component be-
comes important gradually. In this transient stage, we do not have analytic
solutions. Numerical calculation shows that the deceleration-acceleration
transition occurs at z = 0.51.
For the present universe, we adopt [7] H0 = 71 km/sMpc = 1.24 ×
10−61MP , from numerical data we determine the age of universe t0 = 8.50×
1060M−1P = 14.5Gy, and we have Ωρm = 0.04. It is found that
3
H(t) =
1.06
t
, a(t) ∼ t1.06, (27)
The EoS is w = −0.37 4 corresponding to a(t) ∼ t1.06.
The future evolution of the universe After this transition period we
can obtain an analytic solution. In fact, when t >> 1060M−1P , the dark
energy varies as ∼ t−2. From the equation(22), we have f(t) ∼ t−2, hence
equation(19) have solutions
H(t) =
4(1− 2γ)
3t
=
1.31
t
, (28)
a(t) = a(t1)
(
t
t1
)1.31
, (29)
and
f(t) = f(t1)
(
t1
t
)2
, ρm(t) = ρm(t1)
(
t1
t
)2
, (30)
for t1 >> t0. The future Ωm is a constant 0.024. We see that a(t) ∼ t1.31
and the EoS is w = −0.491 correspondingly. For clearness, we plot the EoS
3For a(t) ∼ tn, there is H ≡ a˙
a
= n
t
.
4By n = 23(1+w) .
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parameter w as function of redshift, z, in Fig. 1 in which we see that w
decreases with the decrease of z and approaches −0.491.
-1-0.500.51
z
-0.5
-0.45
-0.4
-0.35
-0.3
-0.25
w
Figure 1: w= - 0.334 at z=0.51.
The total mass in a given co-moving volume varies as ∼ ρm(t)a(t)3 ∼ t2.
That is to say, in the future inflationary universe, matter is created steadily,
new stars and galaxies will form succeedingly.
Summary and discussions. We have shown that in the early universe the
gravitational scalar field φ plays the role of inflaton field driving a period of
exponential inflation. The exit from inflation is carried out dynamically via
the transition of pφ − 3ρφ from negative value to positive. In this inflation
stage, the λ(φ) acts as a large cosmological constant.
After inflation of the early universe the scalar field φ behaves as a cold
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dark matter, the universe expands according to 2
3
power law 5. After the
time 1060M−1p , the dark energy contributed by field φ increased significantly
and begins to accelerate the universe at z = 0.51. Eventually our universe
will expand with a power law a(t) ∼ t1.31, it is spatially flat although it is
closed.
It is manifest that the gravitational scalar field φ attributes a varying
cosmological constant decreasing as ∼ ξ(t) ∼ t−2 after the deceleration-
acceleration transition.
Finally, it is worthwhile to point that the universe is created from the
instanton solution [37] of field φ when field φ is dropped in the left potential
well for negative φ.6 This instanton associates with the condition k = 1
provides the birth of a closed universe rather than the spatially flat FLRW
universe or the Big Bang. Yet after a few Hubble times, inflation makes the
curvature 1/a2 can be neglected, so Ω ∼ 1. That is to say, we have Ω ∼ 1
without fine-tune.
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